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THE PROBLEM OF TORSION IN PRISMATIC MEMBERS OF 
CIRCULAR SEGMENTAL CROSS SECTION* 

• By A.. Weigand 


SUMMARY 


The problem is solved by approximation, by setting up a 
function complying with the differential equation of the stress 
function, and determining the coefficients appearing in it in such 
a way that the boundary condition is fulfilled as nearly as possible. 

For the semicircle, for which the solution is known, the 
method yields very accurate values} the approximated stress 
distribution is in good agreement with the accurately computed 
distribution,. Stress and strain measurements indicate that the 
approximate solution is in sufficiently exact agreement with reality 
for segmental cross sections. 


I. FUNDAMENTAL EQUATION OF TORSION AND ITS APPROXIMATE 
SOLUTION BY THE METHOD OF LEAST SQUARES 


The torsion problem for the prismatic member stressed by 
twisting moments at the ends is formulated as follows . Find a 
function f(y, z) which in the cross-sectional plane satisfies 
the partial differential equation 



-1 


( 1 ) 


and at the boundary of the cross section the condition 


1 = 0 


( 2 ) 


Das Tors ionsprob lem fur StS.be von kreisabschnittfOrmigem 
Querschnitt." Luftf alirt- Forschung, Band 20, Ifg. 12, Feb. 8, 1944, 
PP- 333 - 3 ** 0 . 
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This f ■unction f (y, z) then gives the torsion constant of the 
member according to 

J & a ^ If Z ^ dy dZ ^ 

tho double integral to be extended over the cross section. The 
angle of twist t of a length l Is 


t * 



(h) 


M, the applied torque, G the modulus of rigidity of the material. 

a * ' \ 

The conrponents of the shearing stress follow from 

- flj 1 2 I jL df , , 

^ ‘ J a 3*' T “ ' J a ay t5) 

Owing to the equations(5) which satisfy identically the equilibrium 
condition 

c5f ~dj 
. *y + _JE5. = o 
dy Sz 


f (y, z) is called the stress function of the torsion problem. 

The differential equation (l) with the boundary condition 
equation (2) follows from the consideration of the state of strain 
and the relation between stress and strain, which is given by 
Hooke ‘s law. 

Occasionally, it i3 appropriate to introduce the polar 
coordinates r,<p instead of the rectangular coordinates (y, z) 
(fig. l). The differential equation of the stress function together 
with the boundary condition then reads 


i df t 1 d 2 f 
&r 2 r dr r^ Sq> 2 


(la) 


(2s) 


f = 0 
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while the torsion constant follows from 

Jz-kfjtfr, 9)r dr dfp 
and the shearing stress components from 


T r = J, 


2M d'l Sf 


d r dcp 


T s -^|f 
® c>r 




> 


(3a) 


(5a) 


Rigorous methods for solving the potential problem posed by 
equations (l) and (2) will not bo discussed. 

The approximate solution can be effected in three ways . A 
function can be assumed that satisfies equation (l) but not 
equation (2). If the differential equation is replaced by -a 
variation problem, it results in the conventional Ritz method; or 
a function satisfying the differential equation can be assumed and 
the boundary condition met in individual points or "on the average; " 
an exact explanation of what is meant by "on the average" will be 
given later. Lastly the differential equation can be replaced by a 
difference equation and the linear equation system ensuing from the 
boundary condition solved by iteration with the aid of the Liebmann - 
Wolf method. Only the second method is discussed in the present 
report, after having been pointed out, among others, by Trefftz 
(reference l) and St. Bergmann (reference 2). 

Since the torsion problem of the segment is to be treated, we 
proceed from, the differentia], equation (la). It has the particular 
solutions 

r 2 v k 

. f 0 = “ fj c = r cos kc p, = r sin kep (6) 

from which the general solution 

f = • f + II I Vk + ^kSk] 


(7) 



k 
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can "be "built up. New the determination of the coefficients 
and "bjj. is involved. She next thing is to so determine them 

that equation (2a) is complied within individual points. Among 
others, problems relating to plate "bending have already "been 
solved "by this method. 

Another way is the following: Bather than specifying strict 

compliance with the boundary condition at originally established 
points it is required that by choice of the coefficients the integral 
of the squares of the boundary values is least. In this instance 
the boundary condition is said to be fulfilled "on the average . " 

Ibis method la hereafter called the method of least squares. 

In the formula the requirement on the factors reads 


J = 


? 


da a Min. ds 


= Boundary clement 


( 8 ) 


The integral 
indicated by 



is to be oxtended over 
the sign . Putting 


n 


r* 


+ a c + 




(r, <p) 


the entire boundary; this is 
equation (7) in equation (8) 


+ V k (r, 




Min. 


giveB 


(9) 


The coefficients follow from the requirement 


&r 


* 0 , 




k = 1 


n 


( 10 ) 


From equation (10) follows a linear equation system for the 2n + 1 
unknown a Q , a^, and b^. 

The practical use of the method depends upon whether sufficiently 
exact results consistent with a moderate amount of paper work are 
obtainable, especially for the stresses, or in other words without 
having to solve a great number of linear equations. 
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H. APPLICATION TO THE SEMICIRCLE AND THE SEGMENT 
1. Semicircle j Strict and Approximate Solution 
■fay the Method of Least Squares 


The strict solution of the torsion problem for the sector was 
given by St. Venant (Handb. d. Physlk Bd VI, pp 153 -154) . The special 
case of the semicircle is 'easily treated as will be shown. 

To remain In agreement with the notation for the segment 
(fig. 6) the coordinate system of figure 2 is shown for the semicircle. 

On the straight boundary AB, <p * ~ and 3|; in the cross 
section, ~ = <p = 

The stress function is expressed by 


f(r , <p) 


y- 

lfjT.. 


X^fr) cos top 


( 11 ) 


It already fulfills the boundary condition on the straight boundary, 
since k is an odd number. The constant 1 in the internal 


< < 

= <P = 


3tc 

2 


is expanded in a Fourier series . 


1 


4 "s 5 — , . p 003 

; 2_ CD -r- 

JL) j* i • 


( 22 ) 


Introducing equations (11) and (12) in equation (la), the comparison' 
of the coefficients of cos top on both sides of the equation gives 


ir 



k+1 

to* b (-1) 2 

^ - 7 — 


(13) 


The solution of this differential equation, finite for r = 0, reads 


v „ k 

z k = v - 


k+1 

Jt ("*) 2 

tot 4 . ^2 




( 14 ) 
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Since Xjj.fR) must 1)6 = 0 



ML 

4 f-l) 2 
** 4 -K 2 


R 2 ' k ' 


( 15 ) 


and, hence, 

t ' ■ 

f(r, <p) 


4 r £ 


CD 


1 , 3 , 5 - 


k+1 

(-D 1 

4(4 -k 2 )^ 


eT-«)‘ 


cos top 


(16) 


is the solution of the torsion problem for the semicircle. The 
torsion constant and the shearing stress distribution are 

computed from equation (1 6 ) . From equation (3a) follows on three 
places exactly 


0.297 R 



and from (5a) 


- 1 M 1 1 
T r tJt r 3 3 


J (* ■ s) eto ” + " 


E> 


sin 3<p 


1 /r h A 


5 2 - 4 

8 M d 


T = -- 0 

9 Kit r 3 


3 i 1 “ COS 9 

3 ( 3 2 “ 4 )Ve 2 e ) 


4— - 2^) cos 3? 


( 17 ) 


o~ COS 59 + - . . .1 

5 ( 5 2 - 4 ) \X k R / J 


(18) 
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The maximum shearing stress occurs at A (fig. 2), that is, 


for r = 0 end <p » Here 


ft % 

--4=2.854 

3 K * B 3 e 3 


The shearing stress at C (fig. 2) is 


T 0 = 2M 


Following the rigorous solution for the semicircle an appro xim ate 
solution by the method of least squares shall he derived. 

Since the cross section is symmetrical about <p = n, and 
following equation (7) we write: 

co 

r»2 K . 

f = - — + / a-r cos k<p (2 

^ “ 


Instead of coefficient a^. the quantity x^ is introduced hy 

. B g 
% R k 


So with X = — , formula (20 ) reads 

tj 2 / p J3L. tp \ 

f = ™ ^-X + XjjX cos k<pj 


The boundary values are 


t}2 / o JL. v iot\ 

on AS (fig. 2) f^ = T ^ tlx,! oos -j-j 
On BC (fig. 2) ^-1 + ]>~ x^. cos tapj 


On BO (fig. 2) f 


BC 4 


8 


NACA TM No. 11 82 


The method of least, squares yields as conditional equation for 


f(- 


2 . _ *k ** 


■X + 2_ XjjX cos 2 
0" 


^ dX + J ^-1 + ^_ Xjj. cos tap^ 2 dq> = Min. (22) 


Therefore 


f 1 / 2 ^ ,3c bt\,l 2* .. 

/ + >_ XjjX cos ~JX cos ~ dX 


re 


^ **) 


+ i |-1 + Xjj. cos kqpj cos 2<p dtp = 0 
'2 


For x v the linear equation system with syxnnetrical matrix 


A k2 ^k ~ ^Z ^ " 0 > 1 * 

0 


• • « 


(23) 


is applicable, with 


A 00 = 1 + 2 


, * 00B2 T k , 

A,. = — + k = 1, • . • n 

“ h 2k + 1 


(24a) 

(24b) 


A k2 = 


tot 2£ 
cos 2 co ® 2 1 

-- - 1 rnm m .. 

k + 2 + 1 2 


sin (k - 2)5- sin (k + l)~ 


k - 2 


k + 2 


k ^ 2 (24c) 


*v» 


2ir . 2n 
cos -a- sin “o~ 


l + 3 


2 — 1, • » • n 


(24a) 


The numerical calculation was effected for n = 1, 2 ... 6. 

For n = 6 the equation system reads 
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The coefficients were changed to decimal fractions and considered only 
up to the fifth place after the decimal point. Six approximations 
were computed^ for the first approximation Xg = = • . . * xg = 0 

was used. The result is presented in table I. Insertion of 
equation (20a) in equation (3a),' gives the torsion constant J 4 as 


J d = 2R 




it 

+ r*b 


~ X, + — - X, 

3 1 3x5 J 


1 

5X7 5 


+ - 


. .y = kr 4 ( 25 ) 


and the following approximations for K computed exact to three 
places: 


, . » o.4i4 
(l) 

K = 0.326 

(2) 

K (3) 

: = O.298 

w 

"(5) ■ °-3°° 

it 

(6) 


0.300 

0.298 


The third approximation computed from four linear equations already 
gives a torsion constant value that differs by no more than 
2/3 percent from the rigorously computed value. 

For the stress calculation, equation (20a) is inserted in 
equation (5a), so that 

M d sr a - k-1 

t = - — } taCiA sin tap (26) 

r 2 kr 3 if k • 


_H. / lc-1 \ 

T Lg* + kXjX cos tap) (27) 

1 

_n Jt 

The shearing stresses t ^ 2 T r at the straight boundary 



M d / 

o ( X 1 

2 kr 3 \ ■ L 



+ 5x ? X 


+ 



(28) 


are 
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-■ it 
r^2 


M. 


•P SkR 3 


- 2x^X + tx^X 5 - &£$*? + ") 


For X = 1 the shearii^ streeses are 


X=1 


M- ' \ 

“ — ^ Pi s3jl V + 2a 2 sln 2< P + * * ‘) 
2kH' V 


t 1 _ — ^(-2 + X x 003 + 2 xq COE! 2< P + • • ^ 


<P 


ScR- 5 ' 


(29) 


(30) 

(31) 


Hie two maximum shearing stresses are: 


T 2 as T 

r max 


_^L jl 

2 k r3 


(32) 


T <P= rt ,X=l 
<P 


T « „ - J5L 

? shr3 


(•* 


' *1 + 2 *2 - 3X 3 


•) 


(33) 


<P«5 X=1 

Of these expressions t * end T , must at least -. 

(p 1 

approximate ly disappear. 

Now for a check of the extent to which these conditions are 
met for the different approximations and also of the extent of the 
differences "between the approximated and the exact values of T max 

and t ■p. The results are represented in table II and’ figures 3 

SP 

to 5. The fourth approximation already gives a serviceable result, 
which is somewhat further improved "by the fifth and sixth approxi- 
mations . 

Figures 3. and 4 show the approximations for r*4 

and T r *' =sl which really should disappear. It indicates good 
agreement in the fifth and sixth approximations. Figure 5 shows 
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it 

9=5 

the shearing stress t, ® at the straight boundary plotted 

against \ = The fourth, fifth, and sixth approximations differ 
E 

little from each other and from the accurate stress distribution 
designated by g. ft urn’led departure^ occurs in the immediate 
vicinity o? the comer (point B in fig. 2). 


2. The Segment 

(a) A ppro x i mate solution bv the method of least squares, . - Since 
the cross sect:; on is symmetrical to 9 = 0 (fig. 6) the 
formula (20a; is applied to the stress function f . The boundary 
values are given by 


AB 


t -,2 / p 

R ; ••cos' -a 


CC3 ? -9 




n 

tr* 

Z_. 

0 


BC 




52 £* cos k 9 \ 0 = 9 = a 

cos 1 ^ J 

1 + ^ x^ cos k 9 ^ a = 9 = it 


(3^a) 


(34b) 


If ds 1 is an element of the straight boundary AB and dSg 
an element of the arc BC, 


d9 

ds. = R cos a — - (35&) 

cos 2 9 


ds 2 = R d9 (35b) 


The expression that is to be made a minimum by the choice of the 
coefficients x^ reads 


J = 



cos 2 a cos k a , \ 2 „ cos a 

—5“ + > x k — v“ cos 4:9 d9 

cos 9 0 cos 9 / cos^ 


+ 




x k cos k9 


T 


d9 


(36) 
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&T 

From 0 follows a linear equation system with symmetrical 

matrix for x^., which is to he written in the form of equation ( 23 ) . 
The coefficients A and the right sides are given hy 


A oo = rc - a + sin a 


(37&) 


A}dc = cos a 


2 k+l /* a cos k( P « - a 

dcp + — — 




cos 2k+2 Cj) 


sin 2 ka 
4k 


k - 1 , 2 , • • . n 


(37b) 


\l = cos 


k+z+i 


•r 


cos top cos l<p 1 

k+Z42_ d<? ’ ~2 

cos <p e - 


sin (k - l)(p 
k - 1 


sin (k + l )<p 
k + 1 


Bj = cos 


l+3 a J a 


cos^ +k cp 


dcp - 


2 . . . . n 
Ij, • • • n 

(37c) 

+ -~ sin 2 a,^ 

(37ct) 

1 a 

— 1 - 1, 2, 

. . . n (37® ) 


r 


The integrals appearing in. equation ( 37 ) are of the fona 


cos p <P 
cos^cp 


I 

} they can he defined hy expressing cos pep hy cos%. 


cos^ <p, etc. A reproduction of the somewhat elaborate formulas is 
omitted. 


The matrix A^ including the right-hand sides of 
equation ( 23 ) were computed to five places with the calculating 


lb 
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machine as functions of a. To keep the paper vork within tolerable 
limits the process was carried to k ,1=6. The result is shown in 
figure 6. The unknowns x Q , x-j_ . . . xg were computed by 

equation (23), by the Gauss method. The result is given in table IV. 


After x^ 


• • • 


x 6 


have been determined the torsion 


constant and the shearing stresses can be computed. 
By equation (3a) the torsion constant is 


J a • 8 


f(r, <p)r dr d<p 


ABC 


The double integral is to be extended over the area ABC (fig. 6) 


u tj 

ABC 


f 


AOC 


+ U 

OBC 


r = R 


cos a 


cos q 


n 


- / 


a 


d<p / f(r, q))r dr 

^0 Jo 


Art 

+ / &<p f(r, cp)r dr 

Ja ,0 


Insertion of the expression for the shearing function f from 
equation (23) in this formula gives 


J d = R 


* - a sin 2a 


+ x, 


/ p 1 p 1 
(cos a + — sin a) 

\ 3 J 

( sin 2a\ 

71 " a + 

x k f r sin ka\] __ 4 


+ 


(38) 
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with 


J k a COS 


k+2 F a cos tap 


2 P a 

a L 


' k+2 
cos cp 


do 


( 39 ) 


By equations (5) and (5a) the shearing stresses are 


*y 


M. f" n “I 

= -- — ~ j2\ cos 9 " 21 k V cos ( k " 1)9 (40) 


XZ 


M, 


2k. R D 


21 cos cp + £ k x^" 1 sin (k - l)<p (4l) 


M a / JSu v.! \ 

= — y>2X “ > k x. X cos kra) 

2 KR 3 \ "T" * / 


q> 


m 


M. n 


k-1 


r = - — a - > k x,„X sin kip 
r r,..-o '-r~ ^ 


( 43 ) 


Particularly important are the formulas for the stresses at the 
hound arias. Those are 
on AB 


AB M -1 
xy 2KB- 


2 cos 


. - 1 * - 1 
1 *\p° s 9/ 


cos (k - 1) 9 


( 40 a) 


AB 

r 

xz 


A. 

2 kr 3 


2 ocs a tan q> 


JL 


/coe a 

x k-i 

j sin (k - 1) 9 

\cos <p 

/ 


( 4 la) 
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1 6 


(42a) 

(^3a) 

Of these equations (4la) and (43a) must disappear (at least 
approximately) . 

Lastly there are the formulas for the shearing stresses in 
A and C (cp = jt) . 


on BC 


BC 

r ^ 
9 


M, 


2kR- 


( 2 


> k x v cos 


) 


BC 


M, 


n 


)_ k Xj. sin kcp 



T 

max 


2kr3 


( e 


cos a - 


n 

T k x. cos 
1 


k-l \ 

v 


(40h) 


T 


c 

cp 


A. 

2kR 3 


2 



(42h) 


The numerical values for the torsion constant and the 
particularly interesting shearing stresses T A and T c follow 

xy 9 

from equations (38); ( 40b ) . and (421) . These are also included in 
table IV and in figure 7 plotted against a. 

(b) Solution formula b.v Fourier series . - The torsion problem for 
segmental cross section can also be solved by means of the Fourier 
series. The method is briefly explained. 

To transform equation (la) we put 

r 2 

f = - — + <i>(r, 9) (44) 


$ must be a potential function which assumes the values 

4 


(* 5 > 


at the section boundary. 
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Therefore 


0 



cos g g 

cos^cp 


0 < cp = a 

„ < m < „ 

a t= <p = jr 


(46) 


This even function of cp is developed in a Fourier series in the 
interval -rt = cp = + n 


with 



ajj cos ncp 


a 

o 



sin 2a\ 
a + j 

2 / 


(47) 


R S 2 2 

r = cos c 

n U jr 


tt /o 


a cos ncp sin na 
— axp 

cos <p n 


(47a) 


The potential function $(r, cp) is "built up with the aid of yet 
to he determined coefficients from particular solutions. 


CO 

0 = /_ b n r cos n<p 


At the boundary 0 assumes the following values 

0 ^ tp ^ a $ = b R n — cos ncp 
0" cos n <p 

a = cp = it 4> = ^ cos nc P 


(48) 


> ( 49 ) 

) 



18 


NACA TM No. .1182 


Thi s^eveh function of <p is also developed in interval 
- it = <p = + jt in a Fourier series 


-t 


$ = 2_ cos ncp 
0 


(50) 


B o = 2 


1 

2rt 




, _k cos k a . „ . , 
tjjR cos kcp } dtp 


k 

COS CO 


-) 


t at 


B n “ 2 


iftt 




*f(S 


.k cos k a 
cos k cp 


->k 


■) 


cos kcp ) cos ncp dtp 


p ) 


tjjR cos kepi cos ncp dcp 


A 


J 


( 50 a) 


ihe .Fourier series (equations (47) and ( 50 )) obtained for the 
"boundary values of $ must "be identical, that is 


B n = a n n = 0 , 1 , . . . ( 51 ) 

This is an infinite linear equation system for the looked "for 
coefficients "b n . "With 


v“ 



*n 


( 52 ) 
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the system reads 


rtX, 


,♦£»> 


‘ sin 2a 

& cn x n = rt ” a+ *^T“ 


2 / '* cos kcp , sin ka 

Z__ \n^n - coe^a / — ^ d <p 


r 

JO cos 2 <p 


( 53 ) 


The coefficients a Qn and a^ are given hy 


a = 
on 


n P a cos ncp sin na 

cos a / — r~ dtp - — -n = 1, 2 , 

JO . cos <p n • 


nn 


5= cos 


n P a cos 2 ] 
UO Co3 n i 


nq> it - a sin 2na 

dq) + 

<p 2 hn . 


>(54) 


n P a cos kcp cos n<p sin(n - k)a sin(n + k)a 
_ cos a / ~ dq? 

JO cos cp 2 (n - k) 2 (n + k) 

Obviously ^ a ^ , that is, the matrix is not symmetrical. 

To solve for given a the torsion problem by this process the 
Fourior series must be limited to finitely many terms; in other 
words, the system { 53 ) must he approximated by the section method. 

2 

For example, going as far as x^ inclvsive means that X~ - b$ factors 
a^ have to he computed. The numerical calculation thus becomes 
very tedious and is therefore omitted. 


Ill . CHECK OF THEORETICAL RESULT BY TEST 


With the setup described in roference 3 the torsion constant 
of a member of segmental section was optically determined; while the 
maximum shearing stress t (point A in fig. 6) was determined by 

means of stress measurements. The shaft sketched in reference 3, 
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figure 1 was machined to d » 70 millimeters and a flat surface 
milled out which gave the desired section. The milled surfaces 
corresponded to the angles a ** 20°, to 0 , 60°, and 80°. The 
comparison is illustrated in figure 7- The agreement is plainly 
sufficient. 


Titans la ted by J. Vanier 
National Advisory Committee 
for Aeronautics 


KEEEKENCES 


1. Trefftz, E. : Ein Gegenstiick zum Bitzschen Verfahren. 

Verhandlungen des 2. interna ti onalen Kongresses fSr 
technische Mecbanik, Zurich 1926, p. 131* 

2. Bergnann, St.: Ein NMherungsverfahren zur Ltfsung gewisser 

part teller, linearer Differentialgeeichungen. Z. angew. 
Math. u. Mech. Bd. 11 (1931), P* 323* 

3 . Weigand, A.: Ermittlung der Pormziffer der auf Yer&rehung 

heanspruchten abgesetzten Welle mit Hilfe von Feindehnungs- 
meBSungen. Luftf-Forschg. Bd. 20 (I 9 U 3 ), Ifg. 7 , p. 217 . 
(Also available as NACA TM No- 1179 •) 



NACA TM No. 1182 


21 


TABLE I 

THE APPROXIMATIONS POE TEE UNKNOWN IN THE EQUATION 
SYSTEM (23) APPLICABLE TO THE SEMICIECIE 


x o 

X 1 

*2 

X 

3 

x 4 

X 

5 

*6 

First approximation 

0.486 

-O .654 












Second Approximation 


0.1135 


-1.399 


-0.638 


Third approximation 


0 .0136 


-1.6553 


- 0.9412 


0.3004 


Fourth approximation 


-0.0086 
1 

-1.7364 

-I.0859 

-0.4566 

-0 .10095 





Fifth approximation 

-0 .0068 

-1.7310 

-1.0711 

-0.43465 

-0.0835 

-0 .00855 



Sixth approximation 


-0 .00022 


-I.6978 


-0 .9967 


-O.325I 


0.0308 


0.0900 


0 .0359 








































tabu: ii 





max 

9 



First 

appr oximat ion 

Second 

approximati on 

Third 

approximation 

Fourth 

approximati on 

Fifth 

approximation 

Sixth 

approximation 

Exact 

value 

rw * °-tso 

d 

2.15 

2.76 

2.91 

2.88 

2.85 

2.85 

R 3 C 

TT T -= 1.625 

M fl <p 

2.79 

2.2 

2.46 

2.47 

2.41 

2.44 


TABLE IV 

THE SOIDTIONS OF THE LINEAR EQUATION SYSTEM (23) INCUDIHG THE TORSION CONSTANT 
AND THE SHEARING STRESSES t A AND t C AS FDNCTIOHS OF a. 


0 






a 

*0 

Z 1 

*2 

x 3 

X 


I 


0 1 

10 


90 -.0002 - 


0 

-.0023 

-.0191 

-.0697 

-.1715 

-•3375 

-.5790 

-.8865 

1.2704 

I.6978 


0 

-.0022 

-.OI83 

-.0644 

-.1515 

-.2814 

-.4511 

-.6309 

-•8331 

-.9967 


0 

-.0022 

-.0171 

-.0562 

-.1219 

-.2046 

-.2900 

”•3355 

-•3711 

-•3251 


0 

-.0021 

-.0155 

-.0478 

-.0871 

-.1255 

-.1443 

-.1092 

-.0705 

.0308 


*5 

x 6 

J d 

K =_ 4 
R 4 

r 3 t a 

r 3 t C 

M d T <p 

0 

0 

1.571 

0.637 

O.637 

-.0021 

-.0020 

I.567 

.642 

.638 

-.0136 

-.0116 

1.541 

.694 

.66 

-.0347 

-.0237 

1.470 

•794 

.70 

-.0544 

-.0261 

1.342 

•91 

.74 

-.0609 

-.0163 

1.155 

1.054 

.83 

-.0464 

.0004 

•933 

1.24 

.96 

.0035 

.0230 

.706 

I.52 

1.19 

•0339 

.0261 

•479 

2.03 

1.65 

.0900 

•0359 

.298 

2.85 

2.41 
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TABU in 


TOE FACTORS A^ AHD THE RIGHT -HAHD SUES B t OF THE EQUATIOH 
SISTEM (23) AS FDHCTIOHS OF a 


B 

^00 

A 10 

*20 

A 30 

A *o 

% 

A 6o 

A n 

*12 

"13 

A i* 

A 

15 

0 

* = 

0 

0 

0 

0 

0 

0 

J* 

2 

0 

c 

0 

0 


3.1*159 





-0 .008&7 


1.566** 



-0.00906 


10 

3. 1*071 


- 0 . 00 * 3 * 

-o .00597 

-0.007*9 

-0.01010 

•0.0075* 

-O.OIO37 

20 

3.13*55 

-.02063 

-.03272 

-. 0 * 2*7 

-.0*92* 

-.05262 

-.05251 

1.53758 

-.0**08 

-.052** 

-.0577* 

-. 0596 * 

30 

3.11799 

-.06699 

-.09968 

-.II683 

-.11651 

-.10000 

-.071*3 

l.* 67*9 

-.32799 

-.13727 

-.13006 

-.30825 

*0 

3.08625 

-.15038 

-•20373 

-.20317 

-.15391 

-.07593 

.00365 

1.35273 

-• 2**59 

sSHii 

-.1625* 

-.08115 

50 

3.03*97 

-.2736* 

-.32573 

-.25217 

-. 112*3 

.0*360 

.11953 

1.20*77 


-.13017 


to 

2.960*2 

-.*3301 

-•*3301 

-.21651 

. 0*330 

.17321 

.12372 

1.0*720 

-•*3301 

-.21651 

.00000 

.30825 

7 ° 

2.85956 

-.61830 

-.*8806 

-.0795* 

. 211*7 

.17907 

.01578 

-.03*90 

.90916 

-.**352 

-.39819 

-.32180 

.08882 

.30030 

fib 

2.7301* 

-.81380 

-.*5969 

.12798 

.28926 

-.19320 

.81686 

-.03306 

.30238 

. 0332 * 

m 

A l6 

*22 

*23 

*2* 

"25 

*26 

*33 

A 3 * 

ft 

A 36 

A ** 

A *5 

0 

0 

X 

2 

0 

0 

0 

0 

X 

2 

0 

0 

0 

jt_ 

2 

0 

ID 

-0.01152 

I.56316 

* 0.00915 

- 0 . 0105 * 

-0.01179 

-0.01278 

1.65020 


-0.01309 

-0.01*09 

1.55763 

- 0 . 01*27 

20 

-.05811 

1 . 5172 * 

-.06052 

-.o6**6 

-.06517 

-.06266 

1.50095 

-.06905 

-.06899 

-.06607 

l .*9955 

-.07096 

30 

-.07615 

l.* 257 * 

-.1*8*5 

-.13793 

-.115*9 

-.08*88 

l.*2150 


-.32220 

-.09866 

1.37016 

-.12379 

IfO 

-.00323 

1.31838 

-.23081 

• • 
1 1 

-.10820 

-.0**6* 

1.35679 

-.18916 

-. 15*87 

-.n**i 

I.367H 

-.20866 

50 

.090*3 

I.23693 

-.262** 

-.07796 

-.01005 

1.30337 

-.26029 

-.22327 

-.15017 

1 . 232*9 

-.35332 

to 

.08660 

1 . 19 &T 5 

-.281*6 

-.17939 

-.07732 

•OOT 73 

.08fi2l 

1.19875 

1.0208* 

-.39590 

-.29383 

-.10052 

1.06132 

-.**229 

7 ° 

.00008 

1.17772 

-. 3*199 

-.23029 

-.05523 

-.5191* 

-.23139 

.072*0 

.98608 

-.*1085 

fib 

-.0*833 

1.11997 

-.*6668 

-.2*891 

.0713* 

.18163 

.8*906 

-.51685 

-.07622 

.16559 

•99088 

-.*3332 


a *6 

"55 

A 56 

A 66 

B 

0 

B 1 

B 2 

B 

3 

B * 

B 

5 

V 


0 

0 

* 

2 

0 

X 

2 

K 

0 

0 

0 

0 

0 

0 


ID 

CO 

s 

0 

• 

? 

1.55551 

-0.01616 

1.55387 

3.13722 


-0.00771 

-0.0092* 

- 0.03065 

-O.OH9I 

- 0 . 03 299 


20 

-.0678* 

l.* 99 T 7 

-.06923 

1 . 501&7 

3.10788 

-.0*569 

-.05565 

-.06285 

-.06676 

-.0671* 

-.06399 


30 

-.11065 

l.*386l 

-.1328* 

l .*2295 

3.03*66 

-.13916 

-.15801 

-.16013 

-.1*508 

-. 115*7 

-•07639 


*o 

-.17969 

1.31970 


1.26975 

2.90919 


-.29300 

-.2*91* 

-.16596 

-.06679 

. 0232 * 


50 

-.25712 

1.16030 

1.18899 

2.73528 

-.*6628 

-.* 1*39 

-.2639* 

-. 0752 * 

M 

. 3.3652 


6o 

-.21033 

-.13*% 

1.10596 

-.36623 

1.126*7 

2.527*5 

-.65052 

-.*7631 

-.17321 

•09279 

.10825 


T? 

I.O&98 

-.*5178 

.95862 

2.30638 

-.80750 

-.*5506 

-.001*3 

.23550 

.1523* 

-.062*7 


fib 

-.16127 

.88529 

-•53599 

.92319 

2.093*0 

-• 92*37 

-.35538 

.18899 

.25968 


-.18709 
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Figure 1.- 



The coordinates of the section points and the shearing 
stress components. 



Figure 2.- Semicircular section with coordinate system. 




Figure 3.- Approximations for the shearing 
stress T<p at the straight boundary AB of 
the semicircular section. 

1:1. Approximation 4:4. Approximation 
2:2. Approximation 5:5. Approximation 
3:3. Approximation 6:6. Approximation 



boundary BC of the semicircular section. 
1:1. Approximation 4:4. Approximation 
2:2. Approximation 5:5. Approximation 
3:3. Approximation 6:6. Approximation 
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Figure 5.- The approximations for at the boundary AB of the 

semicircular section. 

1:1. Approximation 4:4. Approximation 
2:2. Approximation 5:5. Approximation 
3:3. Approximation 6:6. Approximation 
g: exact solution 



Figure 6. - Notation at segment. 



o Measured 
values 


ft* x t ’ n d -y» 


20 <tO 60 80 or 100 


20 w ' SO 80 c 


Figure 7.- The torsion constant L, and the shearing stresses tC and t a = t 
& <p xy ma 

of the segmental section plotted against the angle at center a ; comparison between 

theoretical values (full curve) and experimental values. 








